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"THE REGULTS OF [NVELOPING XD TRSTING AN RIPENINRNTAL
APPARATUS FOR THE GOLUTION OF A SYSTRM OF DIFFENMENTIAL
BQUATIONS®, (Note: Pressnted 23 Dec 1946 at Sexinar
on Prfatse Machantes and Caloulasing Teohniques of Dept
of Pricies Mech of the institute of Nech Sal.)

N. V. Korol 'kov
(Submitted by Acad. N, G. Bruysvich).

A great many techaloal problems lead to the necessity of solving a
systam of differential equations (IE) with aonstent cceffiolents. The
Roat important of them are the problems of oaloulating dynamical systems)
i for example, the caloulation of dynanical stability and of small osoillations
\ in an airplane and the investigation of otability of a different kind in
' regulators and tracking systems, eto.
In most practical cases, the various authors are lixited more or less
to detailed discussions of stability or they do not consider o dynamioal
process at all, or give one or t%0, in the best oases, examples. This i»
due to the great complexity and diffieulty of ealoulating a dynanical process.
The creation of an apparatus that would permit one to cbtain a series
of ourves desoribing the investigated dymamical Process is very necessary,
The author, on the basis of an idea of L, I, Outenmakher, developed
an experimental apparatus which pormits one very quickly, in 5 to 10 mimtes,
to set up the system of oquations under study and afterwards in several
seconds to obtain the family of ourves for varisus values of the ecefficients.
Lo I. Qutenmakher proposed with the aid of amplifiers 10 oreate a
plysitalimodel-analogy of a dynamical ysten,
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During the development of the universal spparatus, which pernits one
quickly to set up the models of dynanical systems, it seomed expedient to
€ive up acourately oopying the scheme of conatruotion of a dynanical systen,
48 vas earlier done by a certain author by way of substitution of the friotion
olement by a resistor, mass element by a self=induction coil and olastio
element by a capscitor ete.

Instead of eopying", there was constructed & universal apparatus
which pernits one to set up models whoss processes are descrided by a systen
of differential equations of only the first order.

As 1s known, & system of DB (or one oquation) of high order can always
be tranaformed into a system of IR of the.ffrat order,

The theorwtical schems or prinoiple of ‘th apparatus is represented
in Mgure 1 (Note: All figures are in the annex). The cirouit schems cone
s1ats of groups of amplifiers connsated into a single aystem with the help
of obmic resistance and capacitance. ,

The oircult is construoted in such a manner that the oupput of each
amplifier ean be joined with the input of amy other amplifier or through a
resistor or capasitor,

As & result of such a hook-up, as was shown by L. I. Outenmakher (1, 2),
one obtains an electrical model whose Prooesses are desoribed by a system of
ordinary linear DE of the first order with constant coefficients.

In the most general case the system can possess the following form:

AuUiLI- bu.% + g0+ by, %+ »---O-AmU’;-LF bmﬁi" = r(e)

. @
b 1¥ Db bt g B ot b iR < 7, (1)

The variation of the coefficlents of these equations is offected by
ciitohing in resistances (for 'u) Or capacitances (for byy) on the voltage
dividers which are connected to the output of the amplifiers (2),
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The msm conditiens are asaigmd by eharging all capssitors of
the eircuit w special capacitors whish are Jodmed %0 2o input of the
\ amplifiors,

The method of asaigning the right pary !‘(i), a5 used by the guthor,
1 siniler to the method employed in ¥, 3 Bush's integrator (3), The essence
of our method i oasily oxplained by an example of & systen of monhowogenecus
equations:

(ayr#03p) 2 = (M2 +1p) 7 = fa(4)

@)
Uy 800) 2+ (g b, 0) y 1 (1) (me-.g )

This aysten can be replaced by a system of four equations with four
unknowns x, y, u, v

! (A‘;&:d-ban =+(A;; $=d2p) y =X u 20

T T———

S R E e

()
b ! Wk bp) 24 Uz $o20) 7 =pve 0,
i. ' BEeg (huv)2o
Mg (v 20, L8te. ] 1)

" In this system the first two equations are linoar and ho.opn;m,
but the two latter equations are mrely *euxiliary® unkmewns in u and v.
The funotions 6y and 8, Are 20 selected that the solution of the systea eon-
olsting of the two latter equations ia (4) are satisfied by the functions u
and v, which are proportional to the right perts of the given equations,
The cceffiolents K, are chosen in dependence .upon the desired soals of
the solution, In eash case it is necessary thats

Ru(t) 2 £(¢) and Pr(t) ® 2, (s). h

I the functions £ 1 (t) and £, (i) represent the sums of derivatives of
oxponential funetions and po:mum in ¢, thet is, if they have the form

je

COMEURE 4L,
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(Note:r The cooffiolents Axy oan be even complex which makes it possible
| to obtain functions of the form o%% . 4in (wt == §).)ithen the linear equations
with constant coefficients can be related as equations deternining the fune
otions u and v. (Note: The additional system of equaticns is sasily obtained
by the use of the method of Laplace tranaforms. The application ef this
method will be discussed in anctbarpaper, )

| =

In this manner, one oan, in order to solve a systen of nonhomogenecus
oquations, utilise the remaining free amplifiers for asaigning the right
parts. Below w ahall give examplos showing the application of this msthod
to conerete problems,

In order give the right side in She fora of an arbitrary function of

Flbag,

R

ea s

tim, we have not exoluded the rossibility of employing a special rotating
! 3 | coamutator or "figure" rheostat.

_Desoription of the Construotion of the l:pujinnhl Apparatus
The apparatus (Pigures 2, 3) consists of the following units;

1) A group of amplifiers (6 pieces).

2) Matrix of conductances (basic commutation panel).

3) Panel of giwen initial conditions,

4) Device for assigning initial conditions and "damping”,

The entire apparatus represents a vertical structure about w0 meters
high, and 1 meter wide and 35 centimeters "thick® (when covered in a case).
The amplifiers and conductance matrix are disposed on a vertical panel of
laminsted insulation, The panel for assigning initial oconditions are placed
horlsentally below the apparatus and possess a width of about 20 om, Still
lower is placed the devioe » for "damping® and for aseigning initial eon-
ditions, which consists of two relays.

-l
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The rols of the amplifiern, to be discussed below, {» sich that all
the coeffiolents of the equations can be assigned independently of one ancther.
In order to obtain Positive or negative coefficients the amplifior has two i
dividers, f’
The: nenduom* matrix (or bastc commutation Panel) {s intended to effeot
the hookeup of each amplifier with any other through a reststor or capacitor, o
The panel of the conductance matrix is divided into 36 rectangular i
00lls or squares (6 x 6). In eadh of the ¢olls of one vertical column are
located the outputs of a divider,
Along the borimontal rows of the cells are disposed oopper busbars 4
! connsoted to the inputs of the amplifiers (the first busbar above 10 the first
amplifier, the aecond bar to the seoond amplifier, ete.)

B — - ——r e .

e LT

i

To each busbar are connected, by several terninals, coupling conductances
which are made in the form of carbon reaistors k (typs "CC*) of about 10° ohns
and in the form of mica capaciters 1 (type B) of about 104 micromiorofarads,
jd ' The second terminals of the ooupling conduotances (m and n) oan be Jolud

to the cutputs from a divider with the belp of short flexible cables.
Besides coupling ccnduetm’bto the oells { are also conneated sipoiiave
Mf‘l €'+°11 for the assignment of initial eondiuon, and reaistors of constant !'ndhuk(

) "'s L T TRy Deceasary for compenssting for the aotive conduotance

i él‘lnt =
i .f put y .

T
o Bk

H)Pvt e
1 On the panel for the assignment of initial eonditions 3, Epimewt s1x

pairs of ‘gohmio-tcﬂf Oo-oh” To the sliding runners of one of the
two potentiomsters of each pair (depending upon sign) ono oan, with the help
of flexible cables, join the onpcouou for nuuniu 1n1thl. conditions

1evioudly ’}-
M‘"‘M-ntimd. All pairs of potentioseters are

Joined in parallel with the h.lp of oopper buobu-,’ to whiech ,at the initial

nosent @n eonmeud A bat ury ot 30-40 volhvnt all times of the operating
: " oyole. ﬂ-&‘ to the hoolup of the battery, all capacitors of the eireuit

: 33-8
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cbtein charges dopending upor the values of voltage eatablished in the
potentiometers,

The necessary voltages on the potentiomsters 0y, 4re determined accorde
iog to following simple formila

n y2
o * Byuyg  dygtygt v by, -kz b (4 ¥ 3,2, ve m)
-

where by, are coeffiolents in the derivatives and Uyo 8T8 initial values of
the funotiona,

The connecting in of the battery is conducted from two relays. The
periodie contact of the relays is attained by means of a can mechanism
fastensd eitber on the shaft of o rotating osoillograph mirror or on the

[ shaft of a small Werren motor naking ons revolution a sscond. The time
of elosing of the contacts is about 0.1 second, The relays serve at the
same time also for damping the systen (that is, for discharging all cap-
aoitors). The damping is effected by the olosing of the inputs of the
amplifiers for a tim of about 0.9 seoonds,

The AxplLifier Ciroult Sohene

As shown by theoretical and oxperimental investigations, the amplifier
has to face very strict requirenents, particularly in connestion with the
constancy of the amplification factor. We shall enumerate several of thess.

I 1. It 18 necessary that the amplification factor differ froa the rated
i quantity not more than by 0,3% for a phase shift between the cutput and

input not greater 0.2° (on o sufficlently large range of froquendies we
have fo o/t B100), (Noter If one of these requirements is not fulfilled,
then, for example, in the case of the solution of a system of two firste
order equations, there is obtained, instead of a nondamping oseillatory
process, eitber a damping or a non-inoreasing process with a velooity of

) : amplitude variation greater than 2% over the period.)
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\ 3 The restatance of u divider miut be at lasst 150 times loss tban
ome nuotm of the ooupling,

The suthor worked out a schems of an awplifier (Pigure 4) whioh gave
good results, Theoretical caloulations showed that the operating range of
frequencies, in which the angle of phase shift is less then 0:2° ranges
from 1.6 to 320 cyeles,

Experimental investigationn confirmed these caloulations, Moreover,
Oxporimezts showed that the amplification factor is Yery stable,

Thus for example:

a) Por a variation in the magnitude of the Assumed voltage from 0 to
the limiting amplitude 38 volts the nonlivear distortion doss not exceed 0.28,

b) The stability of the amplification facter in the Lnits =k0,38

J , 10 Teacbed for oscillations of the faed voltage in the limits sk g,

oo

£ o) The eubstitution owitohing=around of tubes varies the amplification
i}:h factor in the Mmits 3 26, This vartation can easily be compencated for
} : by adjustment of the amplification factor with the belp of a special shaft.
) The author worked out o speoial method for the quick sontrol of the

i : amplification fastor. It is sufficient to set in the apparatus the equation
JYs equal o sero st v solve it for the initial conditions uy, # 0,
where U is & certain arbitrary voltage.

; If the awplification factor differs from the rated quantity by FL£(3),
then in this case sotvally the following equation will be solved

T & € (@)1 im0 @)

and instesd of the soluticn of the given Squatien uy 2 constant we shall

obtains
{ [ uy s=Texp ﬁ‘"j‘g‘l '$) ' (&)

where T 2 RC 45 tlLe ooupling's time oonstant.

«afe
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40 a Tosult, on the osoillograph there will appear, instead of a lin
parallel 10 the absciase axis, & curve coming from below or above depending
upon the sign of nuuen;(. .

The sensitivity of the method 1s very great, which is easily seen from
the formulas

A= com -k w
where delte A ($) 10 the variation in voltage at t:e momsnt of time t.

For example, for ¢ ¥ 0,1 seq, () = 208 and 7 = 107 second, w then
have

! /O3
a(n)mdBT m 20002 _ 5,2 (#h

Noreover, it was found that this mthod pernits one to contrel the worke

ing order of the entire apparatus offectively,

If, for example, one disrupts the contact of any of the ecoupling resistors,
then because of the decrease in conduotancs at the imput of one of the
,;_;'.i amplifiers the curve of adjustment becomes ;Mrp upwards., If ome disrupts
, ’ the contact of any oonpling capacitor, then the ourve of adjustment at
- N ® N-rated will rerain parallel to the absoissa axis, but its entire ordinate
axis will be magnified sppreximately by 17%, which 1s also easily shown,

As the theoretical iovestigation of I, 8, Gmadshteyn and v, 4, Tafty;
‘,.{ (4) 5) shov, in certain ases, thanks to the influence of *parasitict cap-
acitances in an amplifier, the apparatus can give a false solution.
" Ordirarily, a false solutien is characterised by the appearance of

rapid osoillatory prooesses which do not disappear even for sero initial
conditions,

I, 8. Gradshteyn showed a simple method which permits ome to get rid gf‘,
" completely)"parasitia® eml.:.hu.mu':L to do this it 1a sufficient to reduce
the matrix of coefficients for arbitrary by to trigonometrie form; that i,

TR
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the coefficients by) must be different from sero, the indices of which
being conmeoted by the imequality L 3 k (or kP 1), The redustion to
\rigonometris form is effected vory simply by the sussation of the individual
equations of the system multiplied by a certain ccefficient,

Jxansples of the Solusion of Problems

Very instructive are the Froblens on the integration of a acnatant
quantity, since in this case tho e:tire error is integrated. Pigure 5 shows
the remults of ope (ug(t)) two (uy(t)), three (U (¢)), and four (ug(t)) fold
integration of a constant.

i
i
i

i

The problem of integmating a constant is squivalent to solving a system
of equations of the following form

b 0
ndf- )
baalfl =t * 0 for "1‘; -
b,,qz. —Ayl, " 0
b “%-A"U’ =0
b,,hu.-A“u‘ s0

8 The points drawn on the oscillograms show the trus values of the function
at a given moment of tims,

h As 18 secn from the oscillograms, the error in this case is from 2

Y205 Uyg Py tuynt0

u “l
In Figure 6 4s shown the solution of the following firsteorder IE;
"n*ﬂ-'*'u“z =0 for u), 2 U (10)

The error in the magnitude of the time constant is of the order 1%,
In Pigare 7 are shown two cases of the solution of the following two
equations of the first order:

9
ENNEInEn .,

ERa b e
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by ey 0y o

bn‘*—qpl =0 for uyo 3 0 ()
Wo® 0.
The error in frequency is of the order 2%; but in the magnitude of
the time-conatants of damping (non=inoreasing), it is in both cases not great-
or than 1,58,
For a non=dampened process, &); mist be equal to sero (Figure 8),
The solution 1s given for arbitrary initial conditionss the errer in
| froquency 1s of the order 1%, The error in amplitude is also not greater
! than 18, 7The error in the initial phase of osoillations is not greater

than ) “m.'- ) g
Figure: 9 shows the solution of the following sscond=order equation W th
the right part having the form e(t) ® kts (12)

%;-“l' +wiu=kt -for Ujomm0; (g%'),ao '

To solve on the integrator, this equaticn is transformed into a systen
of two first-order equations (by replacing dul/dt by a new variable Ilz)l

%%' — u;‘a

94 +tu=kt for u=u,,=o0.
In order to assign a right part having the form kt, it is necessary to

solve a supplementary system of oquations. A function of the form kt can be
obtained as the result of solving the following IR

(13)

dy,
b e Yy=0
at * for Usgmmo ()
%“%“ == 0 u“- k ”
For these conditions u3 2 kt,
I
«10- !
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A8 & result, in order to solve this problem, the following syaten
of four DR are obtained;

day _ o, i
#U{.ﬂ -

4t 4 wBuy -ty ro Hio ™ Uy, = Uy == O (1s )
. % — Uy == 0 Uiyo k.

The solubion of muoh & systun bas the form,

yt) & -(t—+ *n W) (wes )., (16)

The error in frequency is of the order 1%, The errer in average
3peed of growth 4s about 2%,

The variation in the mature of the curve in the upper part is explained
by the arrival iste the nonlinear region of the amplifion's characteristic,

Pigure 10 gives the soluticn of a second-order equaticn with the right
part having the form o°F' (namely, the upper curve drawn oo the osoillogram).
, The function 0°** was cbtained as a result of solving the equation
of the following form:

bu* + au=0tar uo= U (‘&r!l) Qan

The mpsten of equations i effect bas the following forms
b +a, up=o

"uﬁ—‘-mﬂwém-o) sl b UL
Bt gy ty~ By, =) Yoo =0 (o

. The solution of such o system has the following form:

4= grriale = [t st - onp]} o

i

|
E
i

[

i

elle '

AT

| '
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2he drawn eurwe is in good agresment with the osoillogran; this is
verified by the fact that the arrer in the magnitude of the time comstazt
and in the frequency doss mot exceed 2§,
%o aball give still another oxampls for the solution of an oquation
T 'nhcruh\pcﬂﬁn the right part has the form
o(t) S Usnin l\)
(the natural frequancy of the Syatem agrees approximately with the frequenay w),
The rum part baving the formi sinawt
m m be cbtained asitbe result of lol.vl.nc the system:

;
X - u
A-mato ol ® (20)
Mr o o 0
; Fnally the system of equations assumes the following forms
i %-‘;2 80 \
‘ ! Y+ wy 0 0 tor w110y,
} b”% —132\12-0-!3‘“‘ 50 Ua‘OI; Y0 s Wo U
‘ . (21)
Syl =gt o (" v_zz__@' - ?
The solution of sush a aystenm is1
U (t) 378 atn Wemgkes ¢ o0n wt (22)

ﬂueurnuthlmuuurtfwudunﬂuﬂ6to?porlmuh ;

| 004 agreement with the drawn ope (Pigure 11), . #
This 15 one of the cases where the errcr bears a special charsoter (the |
case of multiple roots)s ummmmotmnmmmm natural r

frequency of osoillations differs somewhat, then in place of a monotonically 2 |
l

1

! -1 -
* RONEINENTIAN
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inoreasing 0soillations we cbtain the sharply differing pioture of beats,
In solving suoh o problem by 1n approximate nethod we unavoidably obtain
beats instead of monotoncus growth, aince the acourate coinoidence of the
frequencies ia practically imyossible,

%o give an oxaxple of the solution of a system of three second=-order

. Squations)
g!h.‘.z 7*“1"\3“2 50 for Yoty 8 U =0
L -—Yh
g et T AL M o g 0 @)
S+ 1 0y doie

Introdusing new variables in place of the first derivativey, we obtain
the following firsteorder equations:

B2 Au =M o

*—) ul-f-ahua —)u’ LN

B A, +2 Py 0 0 0

a 20 B0 " % T g
=-x a0 .

for

The solution of this systen reduces to;
Figure L2 “1“) H u,(t)
Plgure 12bs uy(e) L
Mgure 1204 x(t() S.2(¢)
.
Mgure 124; )

All the curves are in §00d agreement with the drawn cnes acoording to

the analytiocal solution; the errer in frequency and in amplitude 1s in tie
nlitl of 2’0

-13.
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The work with tis apparatus showed that the process of solving equations
is vory simple and rephloally deseriptive. It is especially simple to
obtain the family of soluticms fer any given variation of the parameters,
8ipos 10 do this it is sufffolent to intercemnect oorresponding capacitances
and resistances, which is very eanily effected.

The accuracy of the solution on the apparatus was of tbe same order
48 those obtained when the same caloulations were carried out with the aid
of a logarithaio alide ruls.

At present a nev and more perfect apparatus has already been made,
construoted on the same principls, In this apparatus several other mere
complicated problems have been solved.

Submitted 24 Peb 1547,
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